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Conclusions
In this study it has been demonstrated that the AGA maneuver is

dynamically unstable with respect to altitude errors. However, it has
been shown that the instability may be controlled using feedback
linearization. The existence of the instability further emphasizes the
need for robust guidance during the atmospheric pass. Other related
dynamical issues will be investigated in future studies.
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Nomenclature
= specific heat at constant pressure
= specific heat at constant volume
= stagnation enthalpy
= Mach number
= dimensionless radial velocity, V/-/Vmax
= dimensionless tangential velocity, Ve / Vmax
= reference velocity, «J2h0
= ratio of specific heats, cp/cv
= polar coordinate in Eq. (1) or conical shock wave angle,

deg
= cone semivertex angle, deg

Introduction

ANUMBER of sources1'2 contain tabulations and charts for
many useful compressible flow situations. For example, Refs. 1

and 2 both provide charts for conical supersonic flow of a calorically
perfect gas over axisymmetric sharp cones with attached conical
shock waves for a single ratio of specific heats, y = cp/cv = 1.405
for Ref. 1 and y = 1.4 for Ref. 2. Each contains sequences of charts
with shock-wave angle, cone surface pressure coefficient, and cone
surface Mach number vs cone semivertex angle, parameterized with
freestream Mach number. No complementary study of conical flow
has been reported for a variety of values of the ratio of specific heats.

Conical flows with different values of the ratio of specific
heats are of interest because different gases have different spe-
cific heats ratios. Monatomic gases, such as helium, possess the
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largest value of y, 1.67; diatomic gases, such as nitrogen and oxy-
gen, and mixtures of diatomic gases, such as air, possess a ratio
of specific heats of 1.4. The smallest value of y is near unity
for gases composed of very complex molecules. The value of
y = 1.000001 (hereinafter written as 1.0+) represents the lower
limiting case considered in this Note and is presented for com-
pleteness and as a demonstration of the robustness of the numerical
technique.

The purpose of this Note is to summarize salient behavioral char-
acteristics of calorically perfect conical supersonic flows for differ-
ent values of the ratio of specific heats. A complete set of charts
following the format of Ref. 1 is available in Patel et al.3 Although
the computation of such conical flows is relatively straightforward,
some effort is required to assemble a useful set of information for
a variety of values of y. Over the possible range of the ratio of
specific heats, l.O"1" < y < 1.67, the characteristics show consider-
able variations.

Conical Supersonic Flow
A schematic of conical supersonic flow is presented in Fig. 1.

A supersonic conical flowfield is defined by the following: 1) the
shock wave is attached to the vertex of the cone, 2) the shock wave
is conical in shape, 3) all flow properties are constant along radial
lines, and 4) the flow between the shock wave and the cone surface
is isentropic. The oblique shock relations hold across the conical
shock wave. Conical supersonic flows were first solved graphically
by Busemann4 in 1929. In 1933, Taylor and Maccoll5 derived the
usually accepted conical flow equation,

cot0
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and solved it numerically. Indeed, Anderson6 views their paper and
their numerical solution of Eq. (1), the Taylor-Maccoll equation,
as a seminal point in the history of compressible flow. One of the
first reported uses of digital computers in aerodynamics was the
conical supersonic solutions of Kopal7 that formed the basis of the
charts in Ref. 1. Even after Kopal's report and the charts in Ref. 1,
interest continued in such flows, and details of the flowfield about
cones in supersonic flow were later tabulated by Sims.8 Brower2

provides additional historical details of the genesis of supersonic
conical flow solutions.

The Taylor-Maccoll equation is an ordinary, nonlinear, second-
order differential equation. The complexity of the differential equa-
tion precludes a closed-form solution. The results in this Note were

CONICAL SHOCK WAVE

Fig. 1 Supersonic conical flow schematic.



J. SPACECRAFT, VOL. 31, NO. 5: ENGINEERING NOTES 919

generated using a fourth-order Runge-Kutta method to solve the
differential equation.

Most numerical techniques used to solve the Taylor-Maccoll
equation integrate from the cone surface to the shock wave or from
the shock wave to the cone surface. The conical flow characteristics
presented herein were obtained by integrating from the shock wave
to the cone surface. For a given conical shock-wave angle, the con-
ditions across the shock wave were determined using the oblique
shock relations, and the integration process started downstream of
the conical shock wave. Small integration step sizes, A0 = 0.01 deg,
and double precision arithmetic (when using a 32-bit machine) were
required, especially for low Mach numbers and small cone angles.
At every integration step, the value of the dimensionless tangential
velocity V'e was determined. The vanishing of V'B indicated that the
cone surface had been reached, which thus defined the cone semiver-
tex angle, and the integration process was terminated. The program
was validated by replicating the conical supersonic flow charts of
Ref. 1.

Results
Conical supersonic solutions (weak shock only) were obtained for

ratios of specific heats of 1.0+, 1.1, 1.2,1.3,1.4,1.5,1.6, and 1.67.
The 48 full-page figures required to provide charts with sufficient
clarity for practical use for the eight different ratios of specific heats
considered are given in Ref. 3.

The real question, of course, is whether the specific heats ratio
has important effects on the characteristics of conical supersonic
flows. Angles larger than the maximum cone semivertex angle for
an attached conical shock wave are associated with detached shock
wave structures that are not conical. The maximum cone semivertex
angle for an attached conical shock wave is often called the coni-
cal shock detachment angle. Similarly, the maximum wedge angle
for an attached, planar oblique shock is called the wedge shock de-
tachment angle. Because of the three-dimensional relieving effect
associated with an axisymmetric flow vs a planar flow, the conical
detachment angle is larger than the wedge detachment angle at a
given upstream Mach number. Some compressible flow textbooks,
Anderson,6 for example, contain graphic representations of the max-
imum cone semivertex angle and the maximum wedge angle for
attached shock waves for y = 1.4 as a function of upstream Mach
number. The analogous presentations for ratios of specific heats of
1.0+, 1.2, and 1.67 are given in Fig. 2. This figure immediately an-
swers the question of the significance of the ratio of specific heats on
supersonic conical flowfields. Although the same trends are evident
with upstream Mach number, the smaller the value of the ratio of
specific heats the larger the shock detachment angle for a given up-
stream Mach number. Moreover, the smaller the value of the specific
heats ratio, the smaller the difference between the cone and wedge
shock detachment angles for a given upstream Mach number. The
asymptotic behavior of shock detachment angles for the cone and
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Fig. 3 Conical detachment angles for the ratios of specific heats
investigated.
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Fig. 2 Comparison of the conical and wedge shock detachment angles
for 7 =1.67,1.2, and 1.0+.

Fig. 4 Shock-wave angles for the conical detachment angles of Fig. 3.

wedge is also dependent on the ratio of specific heats. For example,
the asymptotic nature of the y = 1.67 behavior is evident at a much
smaller upstream Mach number than is the asymptotic behavior for
K = 1.0+.

If the conical shock detachment angle is plotted as a function of
upstream Mach number for each of the ratios of specific heats, then
Fig. 3 results. As the ratio of specific heats is increased from 1.0+
to the limiting value of 1.67, the distinctions between the behavior
in increments of ratio of specific heats of 0.1 diminish.

The conical shock-wave angles that correspond to the coni-
cal shock-wave detachment angles of Fig. 3 are also of interest.
These shock-wave angles are identified as 0max and are plotted
in Fig. 4 as a function of upstream Mach number with the ra-
tio of specific heats as a parameter. As in the previous figures,
the ratio of specific heats is observed to exhibit an important ef-
fect on the behavior of the conical flowfield. For upstream Mach
numbers close to one, the conical shock wave is nearly a nor-
mal shock wave, regardless of the ratio of specific heats. As the
upstream Mach number is increased from near unity, the conical
shock-wave angle associated with the conical shock-wave detach-
ment angle reaches a minimum, and then increases monotonically
as Mach number increases. The effect of the specific heats ratio on
the shock-wave angle corresponding to the conical shock-wave de-
tachment angle is especially significant for the lower values of the
ratio.

Conclusions
As Figs. 2-4 demonstrate, the specific heats ratio has significant

effects on the behavior of conical supersonic flowfields. The differ-
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ences between the planar and conical shock-wave detachment angles
and behavior become greater as the ratio of specific heats decreases
from 1.67 to 1.0+. The usually available results for y = 1.4 are
not good approximations over the possible range of ratio of specific
heats. A complete set of charts, in the format of Ref. 1, is available
in Patel et al.3 for y = 1.0+, 1.1,1.2,1.3,1.4,1.5,1.6, and 1.67.
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I. Introduction

IN the near future, human space activities will result in significant
increases in spacecraft size and the operational time in the orbit.

One important issue to be resolved before this new era of the space
development is the collision between spacecraft and orbital debris.
In low Earth orbit the quantity of man-made orbital debris exceeds
the number of natural meteoroids.1 The pieces of debris that range
from 1 to 10 cm are the most threatening because although they
are too small to detect from the ground they are too large to shield.
In this paper, we propose a method to remove the orbital debris of
1 ~ 10 cm from low Earth orbit. We propose the use of laser pulses
to generate drag to the debris; the orbital altitude will be lowered
until the debris enters Earth's atmosphere and is burned up because
of atmospheric heating.

It has long been known that a giant laser pulse irradiated to solid
surface can produce thrust. The concept of using such a thrust for
rocket propulsion is not new. Kantrovitz proposed the use of a laser
beam to launch a rocket from the ground.2 The principle of the debris
deceleration is the same as the laser rocket propulsion. The pulse
of a laser is radiated from a laser satellite to a solid target. Then
the target surface is heated by the laser beam, the surface material
vaporizes, and plasma is ignited in the vapor that absorbs the laser
energy further. The high-temperature gas expands into a vacuum,
converting the thermal energy into kinetic energy. The momentum
of the hot gas is given to the remaining mass of the debris, just as
in usual rocket propulsion.

In the present Note, we first describe the basic specifications of
the laser satellite system. Second, we do numerical simulations of
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the debris removal to calculate how much laser energy is needed to
remove the debris. Third, we discuss our findings.

II. System Specification
A schematic picture of the laser satellite system is shown in Fig. 1.

We propose to put a laser satellite into the Earth-circulating orbit at
700-km altitude. This altitude is chosen because the debris mainly
is distributed within a 300-1100 km altitude.1 The range of a laser
beam is assumed to be 500 km, so one satellite can cover the en-
tire area. The satellite power is provided by 25 kW solar arrays.
We distribute 20 kW to the laser power supply and 5 kW to other,
housekeeping uses, including the telescope operation. Because the
satellite cannot always find debris, a battery is used to store the elec-
tricity while the laser is not operating. Assuming that the maximum
operational rate of the laser is 10%, the laser can use 200 kW on
average. For a laser efficiency of 5%, the laser average output is
10 kW.

As the laser source, we choose a 0.25 /im KrF excimer laser,
because of its high power output and short wavelength. The laser
beam is pointed by a gimbaled telescope. The laser pointing accu-
racy of 0.1 /irad is assumed, which is technically challenging but
not impossible, judging from the state of art of the laser intersatellite
communication.3 As the spot diameter, weassume 0.1 m at 500 km
distance. This spot can be made by a mirror of 1.6-m diam at the
satellite. The spot diameter at the target is adjusted so that

</spot = (1)

where A. = 0.25 /zm, Am^r = 1.6 m, and R is the distance to the
debris. The minimum spot diameter is set at 1 cm because if we
focus the laser beam too much, the resulting vapor pressure might
exceed the material strength of the target material, thus producing
more debris.

To deliver the appropriate momentum to the target, the target
surface must be vaporized and plasma must be ignited. Reference
(4) shows the momentum change of several materials induced by
KrF laser irradiation. The momentum change becomes significant
for a laser fluence higher than 3 x 104 (J/m2). Below this fluence, the
laser intensity is not strong enough to cause the vapor breakdown.
Because the spot diameter at 500 km is 0.1 m, we assume 500 J as
the laser energy per pulse and 50 ns as the pulse time. Then the laser
intensity at the target is IL = 1012 (W/m2). Because the laser can
use 200 kW in the operation, the repetition frequency is 20 pps.

We now discuss the pointing and tracking scheme. The debris is
first detected by the onboard telescope. The telescope, with 1.6 m
aperture diameter can detect debris as small as 1 cm from a 500-km
distance by detecting the visible solar reflection with a charge cou-
pled device (CCD) sensor. The field of view of one CCD pixel must
be large enough to keep the object within view while it accumu-
lates the electric charges. Therefore, the debris orbit still has a large
uncertainty of 10-100 /xrad, depending on the field of view of one
CCD pixel. Once the debris is detected, the fine pointing is made by
laser radar using the KrF laser A in Fig. 1. The probable positions
of the debris masses are scanned by the laser pulses, arid the light
reflection is measured by the UV detector. After the debris orbits
are determined within the accuracy of 0.2 /md, a giant laser pulse
is shot from the KrF laser B to generate drag. Once drag is given to
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Fig. 1 Schematic picture of debris-removal laser satellite.


